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Abstract 

We establish several results towards the two- variable main conjecture 
of Iwasawa theory for elliptic curves without complex multiplication over 
imaginary quadratic fields, namely (i) the existence of an appropriate p- 
adic //-function, building on works of Hida and Perrin-Riou, (ii) the basic 
structure theory of the dual Selmer group, following works of Coates, 
Hachimori-Venjakob, et al., and (iii) the implications of dihedral or anti- 
cyclotomic main conjectures with basechange. The result of (i) is deduced 
from the construction of Hida and Perrin-Riou, which in particular is seen 
to give a bounded distribution. The result of (ii) allows us to deduce a 
corank formula for the p-primary part of the Tate-Shafarevich group of an 
elliptic curve in the Zp-extension of an imaginary quadratic field. Finally, 
(iii) allows us to deduce a criterion for one divisibility of the two- variable 
main conjecture in terms of specializations to cyclotomic characters, fol- 
lowing a suggestion of Greenberg, as well as a refinement via basechange. 

1 Introduction 

Fix a prime p E Z. Given a profinite group G, let A(G) denote the Zp-Iwasawa 
algebra of G, which is the completed group ring 

A(G) = Zp[[G]] =^Zp[G/C/]. 

u 

Here, the projective limit runs over all open normal subgroups U of G. Note 
that the elements of A(G) can be viewed in a natural way as Zp-valued measures 
on G. Let E be an elliptic curve defined over Q of conductor N. Hence E 
is modular by fundamental work of Wiles [17], Taylor- Wiles |1T], and Breuil- 
Conrad- Diamond- Taylor [3], with Hasse-Weil L-function L{E, s) given by that 
of a cuspidal newform / £ 52(ro(A^)). 

Let k be an imaginary quadratic field. The Hasse-Weil L-function L{E/k, s) 
of E over k is given by the Rankin-Selberg i-function L{f x Qk, s), where Qk 
is the theta series associated to fc by a classical construction (as described for 
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instance in [H]). Let koo denote the compositum of all Zp-extensions of k, which 
by class field theory is a Zp-extension. Let G denote the Galois group Ga.\{koo/k). 
The complex conjugation automorphism of Gal(fc/Q) acts on G with eigenvalues 
±1. Let /c'^^'^ denote the Zp-extension associated to the -|-l-eigenspace, which is 
the cyclotomic Zp-extension of k. Let Dao denote the Zp-extension associated 
to the — 1-eigenspace, which is the dihedral or anticyclotomic Zp-extension of 
k. Let F denote the cyclotomic Galois group Gal(A;'^'"^/fc), and let fl denote the 
dihedral or anticyclotomic Galois group Gal{Doo/k). Let H denote the Galois 
group Gal(fcoo/fc'^^'^), which is naturally isomorphic to i7 = Zp. Let X{E/koo) 
denote the Pontryagin dual of the p°°-Selmer group of E over koo, which has 
the natural structure of a compact A(G')-module. The subject of this note is 
the following conjecture, made in the spirit of Iwasawa (but often attributed to 
Greenberg and Mazur), known as the two-variable main conjecture of Iwasawa 
theory for elliptic curves: 

Conjecture 1.1 Let E be an elliptic curve defined overC^, and p a prime where 
E has either good ordinary or multiplicative reduction. 

(i) There is a unique element Lp{E/koo) G A(G) that interpolates p-adically 
the central values L{E/k,yV, l)/flf. Here, L{E/k,yV,s) is the Hasse-Weil 
L-function of E over k twisted by a finite order character W of G, and 
U,f is a suitable complex period for which the quotient L{E/k,W,l)/flf 
lies in Q (and hence in Qp via any fixed embedding Q — >■ Qpj. 

(ii) The dual Selmer group X{E/kao) is K{G)-torsion, hence has a A(G)- 
characteristic power series charA(G) X{E/koo)- 

(Hi) The equality of ideals {Lp{E/koo)) — (charA(G) -'^(-E'/fcoc)) holds in A{G). 

In the setting where E has complex multiplication by /c, much is known about 
this conjecture thanks to work of Rubin [35] (see also [35]), building on previ- 
ous work of Coates- Wiles ^ and Yager |3H]. Here, we consider the somewhat 
more mysterious setting where E does not have complex multiplication, and in 
particular what can be deduced from known Iwasawa theoretic results for the 
one- variable cases corresponding to the Galois groups F and f2. 

We start with the construction of p-adic L-functions, (i). Given a finite order 
character W of G, let W (A) denote the specialization to W of an element 
A € A(G). That is, writing dX to denote the measure associated to A, let 



Fix a cuspidal Hecke eigenform / e S'2(ro(iV)) of weight 2, level N, and trivial 
Nebentypus. Such an eigenform / G S2{^o{N)) is said to be p-ordinary if its 
Tp-eigenvalue is a p-adic unit with respect to any embedding Q — )• Q . Let 
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denote the Petersson inner product of / with itself. Let L{f x &{W), s) denote 
the Rankin-Selberg L- function of / times the theta series 9(yV) associated to 
W, normahzed to have central value at s = 1. The ratio 

L(/xe(w),i) 



87r2(/,/)^r 

lies in Q by an important theorem of Shimura |39| . Using this fact, along with 
the constructions of Hida [14, and Perrin-Riou we obtain the following 
result. 

Theorem 1.2 (Theorem [2T9]) Fix an embedding Q ^ Q^. Let f g S'2(ro(iV)) 
be a p-ordinary eigenform of weight 2, level N , and trivial Nebentypus. Assume 
that N is prime to the discriminant of k, and that p > 5. There exists an el- 
ement fif £ A(G') whose specialization to any finite order character W of G 
satisfies the interpolation formula 

where rj = r]{f,yV) is a certain explicit (nonvanishing) algebraic number. 

Hence, we obtain a p-adic L-function Lp{E/kao) — Lp{f /kao) £ A(G) associated 
to this measure /i/. 

Remark The two- variable p-adic L-function Lp{f/koo) corresponding to dfif 
also satisfies a functional equation, as described in CoroUarv 12. 101 below. 

We now consider the Iwasawa module structure theory of (ii), using standard 
techniques. Recall that we let H denote the Galois group Gal{koo/k'^^^), which 
is naturally isomorphic to the dihedral or anticyclotomic Galois group Q ^ Tip. 
If E has good ordinary reduction at p, then an important theorem of Kato [23] 
with a nonvanishing theorem of Rohrlich |34| implies that the dual Selmer group 
X{E/k''^'^) is A(r)-torsion. To be more precise, the construction of Kato [23] 
with the nonvanishing theorem of Rohlich |34) show that the dual Selmer group 
X(£;/Q'=y'^) is A(Gal(Q'=y7Q))-torsion, where Q'^^'^ denotes the cyclotomic Zp- 
extension of Q. It then follows from a simple restriction argument, using Artin 
formalism for abelian L-functions, that the analogous structure theorem holds 
for E in the cyclotomic Zp-extension of any abelian number field. In particular, 
X{E/k^^^) is A(r)-torsion, and hence has a A(r)-characteristic power series 
with associated cyclotomic Iwasawa invariants HE{k) = fiA{r) {X {E / k'^^'^)) and 
^E{k) = AA(r) {X {E / k'^y^)) . Using this result, we then deduce the following 
structure theorem for the dual Selmer group X{E/koo)- 

Theorem 1.3 Let E/Q be an elliptic curve with good ordinary reduction at 
each prime above p in k. 

(i) (Theorem \ 3.^] The dual Selmer group X{E/kao) is K{G)-torsion, hence 
has a A{G) -characteristic power series charAjg) X (E / koo) ■ 
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(ii) fTheorem \3.13l\] If the cyclotomic invariant fisik) vanishes, then the two- 
variable invariant fJ-A(G) {X {E / koo)) also vanishes. 

(Hi) ( Theorem \3 . 1 1]) Let charA(G) -'^(£'/fcoo)(0) denote the image of the char- 
acteristic power series chm^y^Q^ X{E /koo) under the augmentation map 
A(G) — > Zp. If p > 5 and the p°° -Selmer group Sel{E/k) is finite, then 



|charA(G)X(£;/fc„o)(0)|p- 



\E{k)p^\^ UJc^lp 



mE/k){p)\ U.^^\K{^v){pW 



Here, Iil{E/k){p) denotes the p-primary part of the Tate-Shafarevich 
group III(i?/fe) of E over k, E{k)p-x, the p-primary part of the Mordell- 
Weil group E{k), Ky the residue field at v, Ey the reduction of E over Ky, 
and Cy = [E{ky) : Eg^ky)] the local Tamagawa factor at a prime v C Ok- 

(iv) (Theorem \3.12\) If ^sik) = 0, then there is an isomorphism of A{H)- 
modules X{E/koo) = A{H)^'^'^''\ 

We also obtain from this the following application to Tate-Shafarevich ranks. 
Consider the short exact descent sequence of discrete A(iJ)-modules 

E{koo) ® Qp/Zp Sc\iE/koo) m{E/koo){p) 0. 

Here, E{koo) denotes the Mordell-Weil group of E over fcoo, and III(£^/fcoo)(p) 
denotes the p-primary part of the Tate-Shafarevich group of E over k^o ■ 

Proposition 1.4 (Proposition [3".14p Assume that p is odd, and moreover 
that p does not divide the class number of k if the root number e{E/k, 1) equals 
— 1. If E has good ordinary reduction at p with fJ-sik) = 0, then 



corankA(a) m{E /koo){p) 



Xsik) ife{E/k,l) = +l 

Xsik)-! ife{Elk,l) = -l. 



Example Consider the elliptic curve E — 53a : y -\- xy + y — x — x &t p — b 
over k = Q(-\/— 31). The discriminant of k is —31, which is prime to both 5 
and the conductor 53 of E. A simple calculation shows that the root number 
e{E/k,l) is -1-1. Moreover, the mod 5 Galois representation associated to E 
is surjective, as shown by the calculations in Serre [37l § 5.4]. Computations 
of Pollack 130] show that fisik) = with Xsik) = 9 (and moreover that the 
Mordell-Weil rank of E{k) is 1), from which we deduce that III(i?/fcoo)(5) has 
A(iJ)-corank 9. In particular, III(i?/fcoo)(5) contains infinitely many copies of 
Q5/Z5. 

Finally, we establish the following criterion for one divisibility of (iii) in 
terms of specializations to cyclotomic characters, following a suggestion of Ralph 
Greenberg. To be more precise, let 'I' denote the set of finite order characters of 
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the Galois group T — Ga\{k''^^ / k) . Given a character ip G ^, let us write Oy, to 
denote the ring obtained from adjoining to Zp the values of ip- Let Lp{E/koo)\n 
denote the image of the two- variable p-adic L-function Lp{E/koo) in the Iwasawa 
algebra A(f7). 

Theorem 1.5 (Corollary 14. 2p Assume that p does not divide Lp{E /koo)\Q, 
and that for each character -0 G we have the inclusion of ideals 

(0 {Lp{E/k^))) C {^p (charA(G) X{E/k.^))) in 0^[[G]]. (1) 

Then, we have the inclusion of ideals 

{Lp{E/k^)) C (charA(G) X{E/k^)) tn A(G). (2) 

We deduce from this the following result. Let K be any finite extension of 
k contained in the cyclotomic Zp-extension k'^^'^. Let fi/f denote the Galois 
group Ga\{KDoc,/k), which is topologically isomorphic to Zp. Let Lp{E/koo)\nK 
denote the image of the two- variable p adic L-function Lp{E /koo) in the Iwasawa 
algebra K{D,k)- Let ^ k denote the set of characters of order [K : k] of the Galois 
group Gdu\{K/k). Let us consider as well the following condition(s), so that we 
can invoke the recent work of Pollack- Weston [31] . 

Hypothesis 1.6 Let e{E/k, 1) € {±1} denote the root number of the complex 
L-function L(E/k, s) = L{f x 6k, s). We assume that: 

(i) The mod p Galois representation]}^ associated to E is surjective. 

(ii) If e{E/k,l) = +1, then p > 5 and the conductor N is prime to the dis- 
criminant of k. This latter condition determines an integer factorization 
N — of N , where is divisible only by primes that split in k, 

and is divisible only by primes that remain inert in k; we then assume 
that is the squarefree product of an odd number of primes. 

We obtain the following main result. 

Proposition 1.7 (Proposition 1473]) Assume that the root number e{E/k,l) 
of L[E/k,l) is +1. Assume additionally that for a finite extension K of k 
contained in the cyclotomic Zp-extension k'^^'^ , we have the inclusion of ideals 

{Lp{E/koo)\n^) C (charA(j,^,) X{E/KDoo)) tn A{rtK), (3) 

with equality for K = k. Then, there exists a nontrivial character ip £ such 
that the specialization divisibility ([7]) holds. In particular, if Hypothesis {T7S\ (i) 
and (ii) hold, then we obtain the inclusion of ideals 

{Lp{E/koo)) C (charA(G) X{E/koo)) m A(G). 

Though we do not discuss the issue here, the equality condition for k = K 
would follow from the nonvanishing criterion of Howard [T71 Theorem 3.2.3 (c)] 
for dihedral/anticyclotomic p-adic i-functions, as explained in [431 §5]. Hence, 
by Proposition 14. 3[ this criterion would also imply one divisibility of the two- 
variable main conjecture in the setting where the root number e(E/k, 1) is 1. 
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2 Two-variable j9-adic L-functions 

We start with the proof of Theorem 12. 9[ following closely the constructions of 
Hida [14] and Perrin-Riou [32]. Both of the these constructions depend in an 
essential way on the bounded linear form defined in [14) . which we review below. 

Remark The results described below hold more generally for / any p-ordinary 
eigenform of weight I > 2 and nontrivial Nebentypus, following the same meth- 
ods described below with 05j Theoreme B]. We have restricted to the setting 
of eigenforms associated to modular elliptic curves for simplicity of exposition. 

Hida's bounded linear form. We follow Hida [Mj §4], using the same nota- 
tions for spaces of modular forms and Hecke algebras used there. Suppose we 
have a modular form 

/(z) = ^a„(/)e2™- e M,(r,(M),C;£o), 

n>0 

with I and M positive integers, * = or 1, ^ a Dirichlet character mod M, and 
Lq = Q(aTi(/))n>o the extension of Q generated by the Fourier coefficients of 
/. We define a norm | • |p on / e Mi{T^{M),^; Lq) by letting 

\f\p = sup|a„(/)|p. 

n 

Let L denote the closure of Lo in with respect to a fixed embedding Q — >• Q^. 
Let M;(r*(M), f ; L) denote the completion of the space M;(r,(M), ^; Lq) with 
respect to | • |p. Let O — Ol- Define a subspace of integral forms 

Mi{T,{M),C;0) - {f e MiiT,{M),C,L) : < 1}. 
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Let us write T(M, ^; L) to denote the algebra of Hecke operators acting on 
Mi(r4M),^;L), as defined in [H P- 171]. Hence, T(M,C;L) denotes the L- 
subalgebra of the ring of all L-linear endomorphisms of M;(r*(M),^; L) gen- 
erated by Hecke operators. If given integers n > m > 0, then the restriction 
T(Mp",^;0) of T(Mp",C;L) to Mi{T^{Mp'^),^;0) defines an O-algebra ho- 
momorphism 

Mi{T,{Mp-),^-0) Mi{T,{Mp'^),^-0). 

We define the extended Hecke algebra by passage to the inverse limit with respect 
to these homomorphisms, 

T(M, ^; O) = lim T(Mp", O). 

n 

Let us now fix a p-ordinary eigenform 

/(z)-5]a„(/)e2™-e52(ro(iV)) 

n>l 

of weight 2, level N, and trivial Nebentypus. Let 4* denote the principal or 
trivial character modulo N (hence ip(j)) — 1 if p does not divide p, and ip{p) = 
otherwise). Let Oip{f) denote the p-adic unit root of the polynomial 

- ap{f)x+pip{p), 

and (3p{f) the non-unit root. Let /o denote p-stabilization of /, which is the 
unique ordinary form associated to / by Hida |14, Lemma 3.3]. That is, let 



fiz) if p I TV 

f{z)-W)f{pz) ifp\N. 



This eigenform /o has level A^o, where 

No = 

Its Fourier coefficients a„(/o) satisfy the relations 
an(/o) = 



Np iip\N 
N iip\N. 



a„(/) if(7i,p) = l 
ap{f) if 71== p. 



We now recall briefly the definition of idempotent operators in extended Hecke 
algebras, following [H PP. 171 - 172]. That is, let T{Np"^) = T{To{Np"^);0) 
denote the O-algebra generated by Hecke operators acting on the space of cusp 
forms 52(ro(iVp");0), with Tp Tp{Np^) denoting the Hecke operator at p. 
Let Tp denote the image of Tp in the quotient T{Np"^)/p. This reduction Tp can 
be decomposed uniquely into semisimple and nilpotent parts. Since T{Np™)/p is 
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a finitely-generated, commutative Fp-algebra, it follows that is semisimple 

for r sufficiently large. Hence, T^^ is idempotent for some integer u. Let em 

denote the unique lift to T{Np"^) of Tp"^ . Note that this lift docs not depend 
on the choice of integer u. 

Definition The idempotent e in the extended Hecke algebra T(iV) = lim T{Np"^ 

m 

is defined to be the projective limit e = lim em- 

m 

Proposition 2.1 (Hida) Let f e S'2(ro(iV)) be a p-ordinary eigenform, with fo 
its associated ordinary form. There is a decomposition T(N;L) = A(SL induced 
by the split exact sequence 

> A(SL > T{N;L) T('^\N;L) > 0. (4) 

Here, (jyifo) is the map that sends T„ i — > a„(/o), with T'^*')(A^; L) = L the direct 
summand ofT{N; L) through which this map factors, and A the complementary 
direct summand. 

Proof See [HI Proposition 4.4 and (4.5)]. □ 

We now use this result to define the following operator. 

Definition Let / G 52(ro(A^)) be a p-ordinary eigenform with associated or- 
dinary form /q. We let If^ denote the component of the idempotent e corre- 
sponding to the summand T*^"^ (N) in the spit exact sequence ^ above. 

Definition Let / e S'2(ro(A^)) be a p-ordinary eigenform with associated ordi- 
nary form fo- Let m > be an integer. Hida's bounded linear form If^ of level 
Np™ is then given by the map 



If, : M2(r,(7Vp™),e; L)^L, g^ai {gU 



in other words by the map that sends a modular form g £ M2{T^,{Np"^),£^; L) 
to the the first Fourier coefficient of its image under the operation e o If,. 

Proposition 2.2 (Hida) The linear form If, : A/2(r*(iVp"), ^; L) — > L is 
given explicitly on any g G M2{Tt,(Np"^), ^; L) by the map 

/p \-m {hm,g)Np"^ 
51 — >ap{fo) -p ^ 



{hjo] 



No 



-1 



Here, h = /o(z)|2 q j with f ^{z) = fo{-z), and hm{z) = h{p"^z). 

Proof See [TH Proposition 4.5]. □ 

Lemma 2.3 The linear form If, sends M2(r,(7Vp™), ^; O) to O. 
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Proof Fix g e M2(r*(iVp"), ^; O). We know that |ap(/)|p = |ap(/o)|p = 1- 
On the other hand, the operator (/)(/o) in the spUt exact sequence (Hj) sends 
Tp{Np"^) I — > ap(/o) for each m > 0. It follows that 4>{fo) sends the idempotent 
e = lim Cm to the unit defined by linir ap(/o)^ — hmr <^p{foY ■ Now, the action 

m 

of T(A^) maps the space M2{T ^{Np™); O) to itself for any m > 0, as explained 
for instance in [Mj §4]. Thus if \g\p < 1, then gleoif^ = (ff|e) \ifg has the property 
that \ai {g\eoifg)\_^ < 1- The result follows. □ 

Some p-adic convolution measures. We now give a sketch of Perrin-Riou's 
construction of the measure dfif, [32) . starting with the setup described above. 
This construction is made up of several constituent measures that a priori take 
values in the spaces Ml{^^,{M),^; L), but can be seen to take values in the 
integral subspaces Mi{T ^,{M) , O) , as we show in Proposition 12.81 

Let us fix throughout a finite order character W of G. We commit an abuse 
of notation in viewing W as a character on the ideals of k via class field the- 
ory. Observe that we can always write such a character W as the product of 
characters o N, where p is a character of G that factors though the dihe- 
dral Zp-extension Dqo of k, and x o N a character of G that factors though 
the cyclotomic Zp-extension k'^^'^ of k. Here, the cyclotomic character x ° N is 
given by the composition with the norm homomorphism N on ideals of k with 
some Dirichlet character x that factors through the cyclotomic Zp-extension 
of Q. Hence, we fix a finite order character W of G with dihedral/cyclotomic 
factorization 

W = PX°N. (5) 

Let c(W) denote the conductor of W, with c{p) the conductor of the dihedral 
or anticyclotomic part p. Let D — I?fc/Q denote the discriminant of k. Let w = 
i^fc/Q denote the quadratic character associated to k. A classical construction 
associates to the W a theta series of weight 1, level A = A{W) = \D\'Nc(W)'^, 
and Nebentypus ojx^- To be more precise, let Cc(p) = Z -t- c{p)Ok denote the 
Z-order of conductor c{p) in Ok- Fix an element of the class group A g PicC'c(p)- 
Fix a representative a G A. We then define a x-twisted theta series associated 
to A, 

(^) '""^ - i +i:.(..)M(„).— ^ 

Here, x runs over points in the lattice defined by a, m = SjO^I is twice the 
number of units of k , and r^(n) is the number of ideals of norm n in A. This 
series does not depend on choice of representative o £ A. It is seen to lie in 
Mi(ro(A), wx^) by a standard application of Poisson summation. Taking the 
p- twisted sum over classes A e PicOc(p) : it gives rise to a modular form 

©(W)(2) = Y^p{A)Qa{x){z) e Mi(ro(A),c.x') 

A 
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associated to W. We refer the reader to [TT], [T3] or [TS] for proofs of these facts. 
In what follows, we fix a finite order character W of G having the decomposition 
([5]) above. We fix a ring class A g PicOc(p)- We then construct a measure 
associated to the underlying Dirichlet character x in the decomposition ([5]). In 
fact, to follow [22], we shall suppose more generally that x is any finite order 
character of Zp . Taking the p-twisted sum over classes A g PicOc(p) then gives 
the appropriate measure in ©[[G]] whose specialization to W interpolates the 
value 



up to some algebraic factor (which can be made explicit). We give only a sketch 
of this construction, referring the reader to [35] for proofs and calculations. We 
start with the following constituent constructions. 

Theta series measures. Fix an integer m > 1. Consider the series defined by 



Lemma 2.4 The measure dQA{x) takes values in the space Mi(ro(A), ojx^; O) 
ifp > 5. 

Proof The result follows plainly from the q-expansion of Qa{x){^)-^ 

Remark We impose the condition p > 5 to deal with the ^ term in the q- 
expansion of 0a (x) (-2^)1 since we could in exceptional cases have m = 4 or m = 6. 

Eisenstein series measures. Let ^ be an odd Dirichlet character modulo an 
integer M > 2. Let Em{0 denote the Eisenstein series of weight 1 given by 



L{fxe{w),i) 



■p 




Let dQA{x) denote the measure on given by the rule 





Here, 



n 



n>l 
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is the standard Dirichlet L-series associated to ^. The series Em{0{z) li^s in 
Mi(ro(M),^), as shown for instance in [16]. Fix an integer m > 1. Let M = 
Np"^. Consider the series defined by 



\ 

2ninz 



d>0,d\n 
i = a mod M 



e 



J 



Fix an integer C > 1 prime to M. Let C ^ denote the inverse class of C modulo 
M. Consider the difference defined by 

E^iOia, M){z) = E{0{a, M)(z) - CE{0(C-^a, M){z). 

It is well known that E'~' {^){a, M){z) is a bounded distribution on the product 
X (Z/N)^ (see [M], [21] or [21]). Let dE^{^){a,M) denote the measure on 
X (Z/N)'' given by the rule 

dE^{0{a,M)^E^{0{a,Np"')iz). 

a+Np'^Zp 

Note that this measure takes values in certain spaces of Eisenstein series. To be 
more precise, we have the following result. 

Lemma 2.5 The measure dE'~' {£^){a, M) takes values in the space Mi{Tq{M), ^; O). 

Proof The result follows from the Key Lemma of Katz [211 1.2.1, Key Lemma 
for r(A^)], which shows that the Eisenstein measure takes p-integral values at 
an elliptic curve with level structure defined over a p-integral ring. Note also 
that dE'~'{£^){a, M) arises from a one-dimensional part of the Eisenstein pseudo- 
distribution 2_ff ("■''^ given in [211 §3.4] (i.e. with a = C). This pseudo-distribution 
can be shown to take integral values by [211 Key Lemma 1.2.1], e.g. by the proof 
given in M; Theorem 3.3.3] (cf. also [H §3.5, (3.5.5)]). □ 

Convolution measures. Fix a class A G PicC'c(p)- Fix integers a,m> 1. Fix 
an integer C > 1 prime to pND. Consider the series defined by 

$S(x)(a,p'")(z) = Yl QA{x){a'a,p"^){Nz)E^{Lox'){a,NA){z). 

aeiZ/NA)'"- 

The function $J^(a,p™)(z) can be seen to define a bounded distribution on 
Zp (see [32] Lemme 4]). Let d$2(x) denote the measure on Z^ given by this 
function. 

Lemma 2.6 The measure d$2(x) = ^'^{a,p"^){z) takes values in the space 
M2{Tq{NA),ujx^;0), at least ifp>5. 

Proof The function ^A{a,p"^){z) lies in A'hiToiNA), ux^) (see [33 Lemme 5]). 
We then deduce from Lemmas and [231 that it lies in M2iT o{N A.) , lox^ ; O) . 
□ 
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Trace operators. Keep the setup used to define the convolution measure d$2(x) 

above. Fix a set representatives TZ for the space To{NA)\To{N). We define the 

N/: 
N 



trace operator Tt%^ : M2{To{NA),^) — > M2{To{N),^) by the rule 



^i^) ' — ^ X! ^("-^^ ' ^^^^^ 



-ten 



Lemma 2.7 The composition function Trj^'^ o $JJ^(x)(a,p™)(z) takes values in 
the space M2{Tq{N),ujx'^tO); o,i least if p > 5. 

Proof Given the result of Lemma 12. 7[ the assertion can be deduced from ex- 
plicit computations of the Fourier series expansion of the trace form. If N and D 
are both prime, then the result follows from the computation given in Gross [lOi 
Proposition 9.3, 2)]. In the more general case with {N,D) = 1, it follows from 
the computation of the coefficients given in Gross-Zagier [TTJ IV§2 Proposition 
(2.4) and §3, Proposition (3.2)]. □ 

Mesures fondamentales. Keep the setup from above. Recall that we let /o 
denote the p-stabilization of /, which is the unique ordinary form associated to 
/ by Hida [14, Lemma 3.3]. Let Ij^ : M2iTaiN),ujx^; L) — > L denote Hida's 
bounded linear form, as defined above. Let L denote the closure of the field of 
values Lq = Q(wx^(n))„>o in Q^. Let d(j)'^{x) denote the measure on given 
by the rule 

/ dd^^ix) = //o o Tt%^ o $2(x)(a,p™)(z). 

Proposition 2.8 The measure d(j)'^{x) takes values in the ring O — Ol, at 
least if p > 5. 



Proof The result follows from Lemmas 12:41 [231 \2M [2Jl and [231 □ 

We can now at last define the two- variable measures that gives rise to dfif. 



Definition Keep the notations above, with C > 1 an integer prime to pND. 
Let L{p) denote the closure of the field of values Lo{p{A))A£PicO^(p) in Qp- Let 
^L(p)- Let dtif 



Oi^ip). Let dpf^ denote the O-valued function on G defined by the rule 



^ AePicOe(p) 

This function is seen easily to be a well-defined distribution on G (see [351 § 5]), 
and hence (by Proposition [^3]) a measure on G. That is, the distribution is seen 
easily to be bounded for any choice of p, and integral for any choice p > 5. It is 
also seen to be integral for any choice of p if p 7^ 1 (in which case the twisted 
sum of theta series p(^)9yi(x)(z) is cuspidal). 
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Interpolation properties and functional equation. Let us keep all of the 
notations above, with C > 1 an integer prime to pND. The two- variable measure 
d/ij? satisfies the following interpolation property. Let r(yV) denote the Artin 
root number of i(>V,s). Recall that A = A(>V) denotes the level of the theta 
series 0(yV)(z). Let ip denote the principal character modulo N as above (hence, 
V'(p) = 1 if p does not divide N and zero otherwise). Recall as well that we let 
ap denote the unique p-adic unit root of the polynomial — ap{f)X — pip{p). 
Given an integer r > 1, let us write a^r to denote a^. Let us also write N' 
to denote the prime-to-p part of N. Let j3 denote the p-primary component of 
the level A of 0(W). Finally, let us commit an abuse of notation in using the 
same notations used to denote the measures defined on above to denote the 
induced measures defined on Zp. 

Theorem 2.9 There exists for each integer C > 1 prime to pND an O-valued 
measure dfi^' on G such that for any finite order character W of G, 

Jg \ oip2 J \ ap2 J \^ Q,j^p J y Q,j^p J 

— A7 

X uj{-N')W{N') (1 - Cuj{G)W{C)) r(W) 

apfi 

^/x9(W),l) 

Here, the product runs over all primes p of Ok that divide p. 

Proof See Perrin-Riou [32l Theoreme A], along with Proposition 12.81 above. 
That is, fix a finite order character W of G having the decomposition ([5|). Fix 
an integer C > 1 prime to pND. A simple argument shows that d^'f is a well- 
defined distribution on G (see [32, § 5]). On the other hand, we know that d^'^ 
takes values in O = C'l(p) (by Proposition 12. 8|) . Hence, df/^ is an O-valued 
measure on G, corresponding to an element of the completed group ring ©[[G]]. 
The calculation of the interpolation value is given in [32l § 4] . □ 

We may now define the two- variable p-adic L- function associated to a p-ordinary 
eigenform / e S'2(ro(Af)) in the tower koo/k, following Perrin-Riou ^32!. Observe 
that this definition does not depend on the choice of auxiliary integer G > 1 
prime to pND thanks to Theorem 12.91 

Definition Let 77 : G be a continuous character. Let 2) denote the 

different of k. Let G > 1 be any integer prime to pND. The two-variable p-adic 
L-function Lp{f, k){r]) of / in k^o/k is then defined to be 

X r;-i(S'A^') (1 - Gw(G)77-i(G))"' 
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Here, S)' and N' denote the prime to p parts of D and N respectively. 

Corollary 2.10 The function Lp{f, k) is an Iwasawa function on G with coef- 
ficients in Zp. Moreover, the Iwasawa function defined by 

satisfies the functional equation 

Ap(/,fc)(^-^) = -^(iV')Ap(/,fc)(^). 
Proof See [351 CoroUaire, Theoreme A] or [32, Corollaire, Theoreme B]. □ 

3 Iwasawa module structure theory 

We now describe the Iwasawa module structure theory of the dual Selmer group 
of E over fcoo , along with that of the p-primary component of the associated Tate- 
Shafarevich group. We follow closely many of the arguments of Coates-Sujatha- 
Schneider [7], as well as the refinements of those given by Hachimori-Venjakob 
[T5] for the somewhat analogous setting of the false Tate curve extension. 

Some definitions. Fix S a finite set of primes of k containing both the primes 
above p and the primes where E has bad reduction. Let k^ denote the maximal 
Galois extension of k that is unramified outside of S and the archimedean primes 
of k. Note that since k^o is unramified outside of primes above p, we have the 
inclusion fcoo C fc'^. Given L any finite extension of k contained in fcoo; let Gs{L) 
denote the Galois group Gal(fc^/L). The p°°-Selmer group Se\{E / L) of E over 
L is defined classically as the kernel of the localization map, 

Sel(£;/L) = ker 1\e{L) : H\Gs{L),Ep^) ^ J,(L) J . 

Here, i?poo = E{k^)p^ denotes the p-power torsion: Ep<x, — lJn>o -^p" where 
Ep^ — ker([p"] : E E). We also write 

Jv{L)=^H\L^,E{L^)){p), 

w\v 

where the sum runs over all primes w above v in L. Note that this group fits 
into the classical short exact descent sequence 

— ^ E(L) ® Qp/Zp — > Sel{E/L) m{E/L){p) 0, 

where liI{E/ L){p) denotes the p-primary component of the Tata-Shafarevich 
group ni(£'/L) of E over L. Let Loo be any infinite extension of fc contained 
in fcoo . We then define the Selmer group of E over Loo to be the inductive limit 

Sel(£:/Loo) = lii^Sel(£;/L). 

L 
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Here, the limit is taken over all finite extensions L of k contained in Loo with 
respect to the natural restriction maps on cohomology. We write 

X{E/Loo) = Hom(Sel(£;/Lco), Qp/Zp) 
to denote the Pontryagin dual of Scl(i?/Loo)- 

A(r)-module structure. Let us first review the cyclotomic structure theory 
implied by work of Kato and Rohrlich. 

Theorem 3.1 (Kato-Rohrlich) // E/Q has good ordinary reduction at each 
prime above p in k. then the dual Selmer group X {E / k'^^'^) is A{T)-torsion. 

Proof The result follows from the Euler system method of Kato [531 Theorems 
14.2 and 17.4], which requires for nontriviality the nonvanishing theorem of 
Rohrhch [34 . □ 

We may then invoke the structure theory of finitely generated torsion A(r)- 
modules ([2 Chapter VII, §4.5]) to obtain a A(r)-module pseudoisomorphisni 

xiE/k^y^) ^ 0A(r)/p- e0 A(r)/7;^ (6) 

Here, the indices r, s, mj and nj are all positive integers, and each 7^ can be 
viewed as an irreducible monic distinguished polynomial jj (T) (with respect to 
a fixed isomorphism A(r) ^ Zp[[T]]). The A(r)-characteristic power series 

r s 

charA(r) XiE/k^y^) = l[p"^' ■ J] 7?' 

is defined uniquely up to unit in A(r). One defines from it the A(r)-module 
invariants 

r 

MA(r) {X{E/k'y-)) - ^ m, and AA(r) {X{E/k'y-)) = ^ • deg(7,). 

1=1 i=i 

We shall often for simplicity denote these by 

Mk) = MA(r) iX{E/k-y')) and Xeik) = X^iv) {XiE/k^y^)) . 

respectively. We refer the reader to the monograph of Coates-Sujatha [8] for fur- 
ther discussion, for instance on how to compute the (finite) G-Euler character- 
istic of Sel{E / k'^y'^) , or equivalently how to compute ] charA(r) ^iE/k'^y'^){0)\~^, 
where charA(r) X{E/k'^y'^){Q) denotes the image of the characteristic power se- 
ries charA(r) X{E/k'^y^) under the natural augmentation map A(r) — > Tip. 
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A(G)-module structure. We now use the A(r)-module structure of X {E / k^^^^) 
to study the A(G)-module structure of X{E/koo), following the main ideas of [7] 
and [13]. Let us first consider the following standard result. Let &{E/L) denote 
the compactified Selmer group of E over any finite extension L of k contained 
in fcoo, which is defined as the projective limit 

n 

taken with respect to the natural maps Epn+i — > Epn induced by multiplication 
by p. Given any infinite extension Loo of k contained in k^o , we then define 

eiE/L^) ^\hneiE/L) 

L 

to be the projective limit over all finite extensions L of k contained in Loo, taken 
with respect to the natural corestriction maps. 

Proposition 3.2 Let il = Gal{Lao/k) be any infinite pro-p group. If E(Loo)p^ 
is finite, then there is a K[VL) -module injection 

&{EIL^) — > 77omA(o)(X(L;/Loc),A(ri)). 

Proof See for instance [131 Theorem 7.1]. □ 

We use this to deduce the following result. 

Theorem 3.3 // E has good ordinary reduction at each prime above p in k, 
then the cohomology group H'^{Gs{k'^^'^), Epoo) vanishes. In particular, the lo- 
calization map 

Xsik^n ■■ H\Gs{k^n,Ep^) Mk'n 

ves 

is surjective, and hence we have a short exact sequence of A(T) -modules 

Sel{E/k'y') H\Gs{k'n,Ep^) ^ 0^«(fc'^') — > 0. (7) 

Proof Consider the Cassels-Poitou-Tate exact sequence 

Sel{E/k^y') — > HHGsik'''^),Ep^) ^ J„(fc"^") 

ves 

eiE/k'^y'^y ij2(Gs(fc'=y^),L;poo) o. 

Here, &[E /k'^^'^Y is the Pontryagin dual of &{E /k'^^'^). Now, the p-power tor- 
sion subgroup E{k'^y'^)poa is finite by Imai's theorem [3T]. Hence, we can invoke 
PropositionEJto obtain an injection &{E/k''^'') HomA(r)(X(L^/A;'=y'^), A(r)). 
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Now, by the main result of Kato [22], the dual Selmer group XiE/k"^") is A(r)- 
torsion. Hence, we have a A(r)-niodule injection 

eiE/k'^y'^) ^ HoniA(r)(A:(£;/ry'=), A(r)) = o. 

It follows that eiE/k^y")'^ = 0, and hence that H'^iGsik^^"), Ep^) = 0. See 
also the argument of Kato [531 §§137 14] for this latter vanishing. □ 

Let us now consider invariants under the Galois group H = Gal(fcoo/fc'^^'^). Note 
that by Serre's refinement [38j of Lazard's theorem [55], a p-adic Lie group with 
no element of order p has p-cohomological dimension cdp equal to its dimension 
as a p-adic Lie group. Since G has no element of order p, we can and will 
invoke this characterization throughout. Hence (for instance), cdp(G) = 2 with 
cdp{H) — cdp(r) = 1. To show the main result of this paragraph, we first 
establish the following standard lemmas. 

Lemma 3.4 If E has good ordinary reduction at each prime above p in k, then 
there is a short exact sequence 

> Sel{E/k^)" > HHGs{k^),Ep^)" 

Here, rjs{koo) is the map induced by localization map 

Xs{k^) : H'{Gs{k^),Ep^) ^ J,{koo). 

s 

Proof See [7] Lemma 2.3]. That is, consider the fundamental diagram 

> Se\{E/k^)" > H\Gs{k^),Ep^)" ^^^^ ®,,^sMkoo)" 

> Sc\{E/k-y^) > H'{Gs{k-n,Epo.) 0^^^j„(fccyc)^ 

Here, the horizontal rows are exact, and the vertical arrows are induced by 
restriction on cohomology. We have that 

coker(7s(A^^^)) = coker(7^(fc^''^)), 

with w ranging over places in fc'^'"^ above v G S. Note that only finitely many 
such primes exist, as no finite prime splits completely in fc'^'"^ (see for instance 
|46[ Theorem 2.13]). Given a prime w above v in feoo, let ilw denote the decom- 
position subgroup of H at w. Note that cdp {^w) < 1, and so H'^{^lw,Ep^ ) = 0. 
If ui I p, then standard arguments (see for instance [U Lemma 3.7]) show that 

coker(7^(fc^y^)) = H\n^,Ep^) = 0. 
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If then the main resuh of Coates-Greenberg [5] shows that 

coker(7„(fc^y=)) = H^{fl^, E^^p^) = 0. 

Here, Eu,.p<^ denotes the image under reduction modulo w of Ep<x>. Hence, we 
find that coker(7„(fc'^y'^)) — for each prime w above v in fcoo- It follows that 
7s(A:'^^'^) is surjective. Since the map Xsik'^^'^) is also surjective by ([7]), it follows 
that ris{kao) is surjective as required. □ 

Lemma 3.5 If E has good ordinary reduction at each prime above p in k, then 
for all i > 1, W{H,H\Gs{k^),Ep^)) = 0. 

Proof See [71 Lemma 2.4]. The same proof works here, using Theorem l3.3l with 
the fact that cdp {H) = I. D 

Lemma 3.6 If E has good ordinary reduction at each prime above p in k, then 
H\H,Sel{E/k^)) = 0. 

Proof See [71 Lemma 2.5]. Let A^a = Im(As(fcoo))- Lemma [331 with i — 1 gives 
the exact sequence 

0~-^Se\{E/koo)" ^ H\Gs{k^),Ep^)'' Ag^ H\H,Sc\{E/koo)) ^0. 

(8) 

Recall that the map ?7s(^oo) : H^{Gs{koo), Epc^ )^ — > Ag is surjective by 
Lemma [3^ Now, 

and so it follows that H^{H, S{E/koo)) = 0. □ 

Lemma 3.7 If E has good ordinary reduction at each prime above p in k, then 
H\H,®^^gUk^)) = 0. 

Proof See [71 Lemma 2.8]. The same proof works here, using the fact that 
cdp (H) = L □ 

We may now deduce the following result. 

Theorem 3.8 // E has good ordinary reduction at each prime above p in k, 
then X{E/koo) is A{G)-torsion. 

Proof See the arguments of [13l Theorem 2.8, and Corollary 2.9], following [71 
Proposition 2.9]. A standard deduction, as given for instance in [ISj §2, Remark 
2.5], reduces the claim to showing the surjectivity of the localization map 

Xsikoo) ■■ H\Gs{k^), Ep^) ^ ^ J,{koo). 
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So, let Aoo = im(A5(fcoo))- Taking the iJ-cohomology of the exact sequence 

^ Se\{E/k^) ^ H\Gs{koo),Epo.) ^ ^ 0, 

we obtain from Lemma 13.51 the identification 

H\H,A^) = H^{H,Sc\{E/k^)). 

Note that since cAp{H) — 1, we have that H'^{H,Se\{E/koo)) — 0, and hence 
that H^{H,Aoo) = 0. Let B^o = coker(As(fcoo)). By Lemma ((XT)) . 

i7i(i/,0 J,(fcoo)) = 0. 
ves 

Taking iJ-cohomology of the exact sequence 

> Aao !' Jv{koo) ^ Boo ^ 0, 
ves 

we deduce from Lemma 13.41 that 

Bg^H\H,A^)^0. 

Since H is pro-p, and Bo^ a discrete p-primary _ff-module, it follows that Boa 
itself must vanish. Hence Xs{koo) is surjective. □ 

When X{E/koo) is A(G)-torsion, the structure theory of torsion A(G)-modules 
([H Chapter VII, §4.5]) gives a pseudoisomorphism 

t u 

X{E/koo) A(G)/p'^' e A(G)/.g^ (9) 

1=1 j=i 

Here, the indices s, t, and bj are all positive integers, and each gj can be viewed 
as an irreducible monic distinguished polynomial gj{Ti,T2) (with respect to a 
fixed isomorphism A(G) = Zj,[[ri, T2]]). The characteristic power series 

t u 

charA(G) X{E/koo) - l[p^ ■ [J d'/ 

1=1 j=i 

is again well defined up to unit in A(G). As in the cyclotomic setting, one uses 
it to define the A(G)-modulc invariants 

t u 

MA(G) (XiE/koo)) = ^ a, and Aa(g) {X{E/ko.)) ^Y.^^ '^^^(ff,)- 

i=i j=i 

The invariant fiA(G){X {E / koo))- Let us now review what is known about the 
invariant fi\(G){X{E/koo))- Suppose more generally that G is any pro-p group, 
and Y any finitely-generated torsion A(G)-module. The structure theory of A(G) 
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modules shown in [21 Chapter VII, §4.5]) again gives a pseudoisomorphism anal- 
ogous to dH), and so we may define the associated invariant ^a(G)(^)- Let Y{p) 
denote the submodule of elements of Y annihilated by some power of p. It is 
well known (see for instance [50]) that the cohomology groups H'^{G,Y) are 
finitely-generated Zp-modules for all i > 0, and hence that the cohomology 
groups H^{G,Y{p)) are finite for all i > 0. The invariant A*a(G)(^) is then seen 
to be given by the formula 

p,A^o,iY) = Y[\H,{G,Y{p))\('^y = x{G,Y{p)), (10) 

where x{G, Y{p)) is by definition the finite G-Euler characteristic oiY{p). Given 
L any extension of k contained in k^c , let us write 

X{E/L) = X[E/L)/X(E/L){p). 

Proposition 3.9 If E has good ordinary reduction atp, andX{E/koo) is finitely- 
generated over A{H), then fj,j^(^Q){X{E/koo)) = p^E{k). 

Proof See [3 Propostion 2.9], we give a sketch of the proof. Note that we have 
X{E/kao)H = Ho{H,X{E/k^)). Note as well that Hi{H, X{E/k^)) = by 
Lemma 13.61 Taking i7- homology of the short exact sequence 

X{E/koo)ip) X{E/k^) XiE/koo) 0, 

we obtain a short exact sequence of A(r)-modules 

^ Hi{H,X{E/koo)) HoiH,X{E/k^){p)) 

Ho{H,X{E/k^)) Ho{H,X{E/k^)) 0. 

Following [20j Proposition 1.9], we then show that the alternating sum of HA{r)- 
invariants along this sequence vanishes. Moreover, the /ZA(r) -invariants of the 
two central terms can be computed as follows. For Ho{H, X{E/koo)) = X{E/koo)H, 
it is well known (see the proof of Theorem 13 . 1 21 below for instance) that restric- 
tion on cohomology induces a A(r)-homomorphism 

a : X{E/koo)H XiE/k'^y') 

with ker(a) finitely-generated over Zp and coker(a) finite. We deduce that 

fiA^r){{X{E/k^)„) - fiA^r){{X{E/k-y')) = iiE{k). 

For Ho{H, X{E/kao){p)), consider the Hochschild-Serre spectral sequence 

Ho{T, H,{H, X{Elk^){p)) ^ H,{G, X{Elk^){p)) 

^ Hi{r,H,^i{H,X{E/k^){p)) 0. 

We deduce that 

1 

x{G,X{E/k^){p)) =l[x{r,H,{H,X{E/k^){p)))^-'y, 

i=0 
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and so 

1 

MA(G)(^(£^/fcoo)) = ^(-l)VA(r)(i^»(i/,X(ii;/fcoo)(p))). 

1=0 

Putting terms together from the first (alternating sum) sequence above, we find 
that fJ-A{G){X{E/kooj) = 

1 1 
/^ij(fc)+E(-l)'^VA(r)(if«(i^,X(i?/fcoo)))+5](-l)V^A(r)(i?.(ff,^(i?/fcoo)(p))). 

i=0 1=0 

Recall that H,{H, X{E/k^)) = for aU i > by Lemma EH Taking H- 
cohomology of the short exact sequence 

X{E/k^){p) ^ X{E/k^) X{E/k^) — > 0, 

obtain that Hi(H,X{E/koc){p))) = H2{H,X{E /k^)) = 0. Deduce that 

1 

/^A(G)(^(i^Aoo)) = Mk) + Y.^-ir+^ tJiKir){H,{H,X{E/koo))). 

Since we assume that X{E/koo) is finitely-generated over A{H), it follows that 
X{E/koo)H is finitely-generated over Zp. Thus, 

MA(r)(i?»(i?,X(£;/fcoo))) = 0. 

In particular, /iA(G)(^(-E'/fcoo)) — (J'sik) as claimed. □ 

The G-Euler characteristic of Scl{E/koo)- We now give a formula for the 
G-Euler characteristic of Sel(i?/fcoo), 

X(G, Se\{E/koo)) = n Se\{E/k^))t^y, 

i>0 

which in the setup described above is well defined (i.e. finite). Note that this 
invariant is related to the characteristic power series charA(G) X{E/koo) by the 
formula 

x(G,Sel(i?/fcoo)) = |charA(G)X(i?/fcoo)(0)|;\ 

where charA(G) X{E /koo){'^) denotes the image of charA(G) X{E/koc,) under the 
natural augmentation map A(G) — > Zp. We must first establish the following 
result. 

Lemma 3.10 // E has good ordinary reduction at each prime above p in k, 
then the p-primary torsion subgroup E{koo)p°° is finite. 
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Proof See the argument of [T3] [Lemma 3.12]. We present the fohowmg alter- 
native proof. Fix a rational prime v that remains inert in k and does not equal 
p. Write kv to denote the localization of k at the prime above v. Write k^/'^ to 
denote the cyclotomic Zp-extension of ky. By Imai's theorem [21] (cf [S][A.2.7]), 
the p-primary subgroup of E{k'^'^) is finite. On the other hand, the prime above 
V in k splits completely in Doo by class field theory. Hence, writing Doo,w to 
denote the union of all completions of Doo at primes above v, we have an isomor- 
phism of local fields Doo,w = kv This induces an isomorphism of Mordell-Weil 
groups E{Dao,w) — E{kv). Hence, writing fcoo,ro to denote the union of all com- 
pletions of fcoc at primes above w, we have the identifications 

E{koo,n,) - E{Doo.^o ■ KD = E{kT). 

Hence, the p-primary part of £'(fcoo,ro) is seen to be finite by Imai's theorem. 
Since E{koo)p°° injects into the p-primary part of £'(fcoo,ro), the result follows. 
□ 

Theorem 3.11 Assume that E has good ordinary reduction at all primes above 
p in k, that p > 5, and that Scl{E/k) is finite. Then, the G-Euler characteristic 
ofSel{E/koo) is well defined, and given by the formula 



X(G, SeKE/koo)) = ' ■ n \EMiP)\' ■ n l^^'l;'- 

Here, llI(E/k){p) denotes the p-primary part of 'Q1{E/K), E(k)p^ the p- 
primary part of E{k), Ky the residue field at v, Ey the reduction of E over Ky, 
and Cy = [E{ky) : i?o(fct,)] the local Tamagawa factor at a prime v C Ok- 

Proof Sec for instance |13| [Theorem 4.1] The proof is a standard computation, 
using the facts that (i) X{E/koo) is A(G')-torsion (by Theorem 13.81 above), (ii) 
E{kac)p°° is finite (by Lemma 13.101 above) . and (iii) p is totally ramified in fcoo- 
□ 

A(iJ)-module structure. Let us assume now that fisik) — 0. We obtain the 
following A(iJ)-modulc structure theory for X{E/koo)- 

Theorem 3.12 Suppose that E has good ordinary reduction at p, with fisik) = 
0. Then, there is a A{H)-module isomorphism X(E/koo) = A{H)^'^^''\ 

Proof By Nakayama's lemma, X{E/koo) is finitely generated over A(_ff) if and 
only if X (E / koc) H is finitely generated over Zp, hence by duality if and only 
if S{E/koo)^ is co-finitely generated over Zp. Given n > an integer, let Z?„ 
denote the degree-p" extension of k contained in Doo, with D'^'^ its cyclotomic 
Zp-extension. Let iJ„ ~ Gal{koo / D^'^) . Note that cdp(iJ„) < 1. Consider the 
diagram 

> S{E/koo)"" > H\Gs{koo),Ep^)"- > ®yesJv{koo)"- 

h 

S{E/D';n > H\Gs{D';r),Ep^) > ^y^sMD^"")- 
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Here, the horizontal rows are exact sequences, and the vertical maps are induced 
by restriction on cohomology. We have by inflation-restriction that coker(/3„) = 
H^{Hn,Ep<^) = and that ker(/?„) = H'^{Hn,Ep^). Note that H^{H^,Ep^) 
has cardinality equal to that of E{D^^)poa , which is finite by Imai's theorem 
|21| . Given S 5*, fix a place w above v in koo- We can then write the local 
restriction map as 

In = Jn,w, 
w 

where the direct sum ranges over the primes above each w e S* in Z?„. Let fln,w 
denote the decomposition group of at w. We argue as in the proof of Lemma 
13.31 that coker(7„) — 0. Following [H Lemma 3.7] also find that 

coker(7„^^,) = {D,n,w, Epo^) = and ker(7„^^,) = H^{D,n,w, Ep^). 

In particular, since the latter group is known to be finite, it follows that ker(7„) = 
®^ker(7„^u,) is finite. It then follows from the snake lemma that ker(an) and 
coker(a„) must be finite. Now, recall that X{E/k^^^) is A(r)-torsion by Theo- 
rem [O] Matsuno's theorem [55] then implies that X{E/k^'^'^) has no nontrivial 
finite A(r)-submodule. On the other hand, since = 0, Hachimori and Mat- 

suno's analogue of Kida's formula [12] implies that X{E/D'^^^) is A(r„)-torsion 
with r„ — Ga\-{D'^^^ / Dn) and cyclotomic Iwasawa invariants 

A_e(D„) = [Dn ■■ k] ■ Xsik) and usiDn) = Hsik) = 0. 

Since D„ is not totally real, it follows from Proposition 7.5 of Matsuno [5S] 
that X{E/D'^'^) has no nontrivial finite A(r„)-submodule. In particular, since 
M-e(-D,i) = for each n > 0, Matsuno's theorem implies that X{E/D'^^) 
has no nontrivial finite Zp-submodule for any n > 0. This makes the inverse 
limit X{E/koc) = lim X{E/D'^'^) Zp-torsionfrcc, from which it follows that 

n 

ker(a„) = cokcr(a„) — for any n > 0. Thus, we find an isomorphism of 
Zp-modules ao : X{E/koc))Ho — X {E / k'^'^'^) . Let us now put r = Xsik). Let 
Xi,...,Xr denote a lift to X{E/koo) of a fixed Zp-basis of X{E/koQ)H- Let 
I{H) denote the augmentation ideal of H in A(iJ). Note that X{E/koo)H = 
X{E/koo)/I{H)- Let Y denote the A(i7)-submodule of X{E/koo) generated by 
xi, . . . Xr- Observe that 

I{H){X{E/k^)/Y) = {I{H)X{E/koo) + Y)/Y = X{E/k^)/Y, 

and so X{E/koo) = ^ by Nakayama's lemma. In particular, this gives an iso- 
morphism of A(iJ)-modules 

X{E/koo) ^ HHY, ^a^x, I — y^a^a, 

i i 

where ei, . . . , is a standard A(i7)-basis of A(_ff)''. Observe now that X{E/koo) 
has no nontrivial finite A(iJ)-subniodule, thus making it A(_ff)-torsionfree. □ 
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Corollary 3.13 Suppose that E has good ordinary reduction at each prime 
above p in k, with ^E{k) — 0. Then, /iA(G) {E / koo)) — ^-sik) = 0. 

Proof The result follows from argument of Theorem 13.121 above, namely by 
using Matsuno's theorem [28; and the main result of Hachimori-Matsuno [12] 
to deduce that X{E/koo) is A(iJ)-torsionfrec. □ 

We also deduce from Theorem 13.121 the following consequence for the A(iJ)- 
corank of the p-primary parts of the Tate-Shafarevich group 1JI{E / hoc) ■ That 
is, recall that we consider the short exact descent sequence of A(iJ)-modules 

E{k^) ® Qp/Zp — > SeK-B/fcoo) m(£/fcoo)b) ~> 0, 

as well as the dual exact sequence 

>K(£;/fcoo) X{E/koo) £{E/koo) 0. (11) 

Here, yK{E/koo) is the Pontryagin dual of lIl{E/koo){p), and £{E/kac) is that 
of E{koo) <8) Qp/Zp. Recall that we let e{E/k,\) = e{f/k,l) denote the root 
number of the complex i-function L{E/k, s) = L{ f x Q^, s). 

Proposition 3.14 Assume that p is odd, and moreover that p does not divide 
the class number of k if the root number e{E/k,l) equals —1. // E has good 
ordinary reduction at each prime above p in k with /i£;(fc) — 0, then 



rkA(i/) }K{E/koo) 



XE{k) ife{E/k,l)^+l 
XE{k)-l if e{E/k, 1)^-1. 



Proof Observe that pT|) is a short exact sequence of finitely generated A(If )- 
modules. We know by Theorem [3. 121 that the A(iJ)-rank of X{E/koo) is A_E(fc). 
On the other hand, we claim that 

^, ^ fo if e(£;/fc,l) = +1 , , 

^'■"> ' |i if e(£;/fc,l) = -1. ^ ' 

To see why this is so, let K be any finite extension of k contained in k'^^'^. 
A simple exercise shows that i^T is a totally imaginary quadratic extension of 
its maximal totally real subfield F. Let denote the compositum extension 
KDoo, with Galois group fix — Gal{D^/K). We claim that for any such K, 
we have the rank formula 



rk^^n^)£ (E/Dg) = 



if e(£;/fc,l) = +1 
if e(£;/fc,l) = -1. 



Indeed, in the first case with e{E/k,l) — +1, the formula follows from the 
relevant nonvanishing theorem of Cornut-Vatsal [Qj Theorem 1.4] over F plus 
the relevant rank theorem(s) of Nekovar j29[ Theorem B, Theorem B', and 
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Corollary]. In the second case with e{E/k,l) ~ —1, the formula follows form 
the relevant nonvanishing theorem of Cornut-Vatsal ^ Theorem 1.5] over F 
plus the relevent rank theorem of Howard [ini Theorem B (a)]. Note that to 
invoke the result of Howard [12] in the latter setting, we have used the classical 
result due to Iwasawa [l^ that if p does not divide the class number of k, then p 
does not divide the class number of any finite extension K. Taking the inductive 
limit over all finite extensions if of fc contained in k'^^'^, we obtain the stated 
formula . The result then follows immediately from the exactness of (|lip . □ 

4 Divisibility criteria 

We now discuss various divisibility criteria for the two- variable main conjecture 
(Coniecture ll.ll (iii) above). In particular, granted suitable hypotheses, we prove 
one divisibility of the two-variable main conjecture. 

Greenberg's criterion. The following criterion was suggested to the author 
by Ralph Greenberg. It reduces one divisibility of the two-variable main con- 
jecture f Conjecture 11.11 (iii) ) to a certain specialization criterion for finite order 
characters of the Galois group F — Gal(fc'^^'^/fc). Let us first fix an isomorphism 

A{G)-Zp[[Ti,T2]l (71,72) ^m + l,T2 + l). (13) 

Here, we have fixed a topological generator 71 of F, as well as a topological gener- 
ator 72 of f2. Fix / e 5'2(ro(A^)) ap-ordinary eigenform, as required for the con- 
struction of the p-adic L-function of Theorem 1 2. 9 1 Recall that we write X{f /koo) 
to denote the Pontryagin dual of the p°°-Selmer group associated to / in koo/k. 
If / is the eigenform associated to an elliptic curve E defined over Q, then a 
standard argument allows us to make the identification X{f/k^) — X{E/k.^). 
In what follows, we shall fix an elliptic curve E over Q of conductor N as de- 
scribed in the introduction, with / the eigenform associated to E by modularity. 
We shall then make the identification X{f /koo) ~ X{E/koo) implicitly in what 
follows. 

Let g{Ti,T2) denote the A(G')-characteristic power series of X{f/kao), or 
rather its image under the fixed isomorphism (|13p . (We take this to be zero 
if X{f/koo) is not A(G)-torsion). Let i(Ti,T2) = Lp(/, fc)(ri, T2) denote the 
image under (IT3l) of the two-variable p-adic L-function Lp{f,k) € A(G) asso- 
ciated to / by Theorem 12.91 Recall that we write ^E* to denote the set of finite 
order characters of F = Gal(fc'^^'^/fc). Given an element element A € A(G) with 
associated power series A(Ti, T2) G Zj,[[ri, T2]], we can and wiU invoke the usual 
Weierstrass preparation theorem for A(Ti, T2) as an element of the one- variable 
power series ring i?[[ri]] with R ~ Zp[[T2]]. We refer the reader to the discus- 
sion in Venjakob 45, Example 2.4, Theorem 3.1, and Corollary 3.2] for a more 
general account of the situation. 

Theorem 4.1 Suppose that p does not divide the specialization g{Ti,0). As- 
sume that for each character G we have the inclusion of ideals 

{L{T^MT2))) C (5(Ti, V(r2))) m O^WT^.T^]]. (14) 
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Then, we have the inclusion of ideals 

(im,r2)) C (g(ri,T2)) in Zp[[Ti,r2]]. 
Proof Observe that we may write 

oo 

g(Ti,r2) = ^a,(T2)-r^ 

i=0 

with ai{T2) e Zp[[T2]]. Since we assume that p \ g{Ti, 0), it foUows that for some 
minimal positive integer m, 

m 

g(ri,0) = ^a,(0)-r^ 

with ai{0) e Zp . We claim it then follows that 

L(Ti,T2) = h{Ti,T2) ■ g(ri,T2) +r(Ti,T2), 

with h{Ti, T2) a polynomial in Z)3[[Ti, T2]], and r(Ti, T2) a remainder polynomial 
in Zp[[r2]] of degree less than m. Now, the remainder term is given by 

m— 1 

r(ri,T2)= ^c,(T2).Tf, 

i=o 

with Cj(T2) e Zp[[r2]]. Granted the inclusion ((^ for each ^ & VE*, we have that 

r(Ti,V^(T2)) -0 

for each i/; E 'i>. It then follows from the Weierstrass preparation theorem that 

c,(V(T2)) = 

for each ijj E "i/ and j G {0, . . . , m — 1}. Hence, we conclude that r{Ti,T2) = 0. 
□ 

We obtain the following immediate consequence. 

Corollary 4.2 Assume Huvothesis l 1 . 6\ (i) and (ii). Suppose that for each char- 
acter '0 G we have the inclusion of ideals 

{L{T,,^{T2)))C{g(T,,^iT2))) m 0^[[T,,T2]]. (15) 

Then, we have the inclusion of ideals 

(i(ri,r2)) c (g(ri,T2)) tn Zp[[Ti,r2]]. 
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Proof Theorem 14.11 requires that p does not divide the speciahzation of the 
characteristic power series g(Ti,Q), equivalently that the dihedral or anticy- 
clotomic /z- invariant associated to / in the tower Doo/k vanishes. Assuming 
Hypothesis 11.61 (i) and (ii) , the main result of Pollack- Weston [21] shows that 
this is always the case if the underlying eigenform / is p-ordinary. □ 

A basechange criterion Let K be any finite extension of k contained in the 
cyclotomic extension k'^^^. Let denote the compositum extension KDoo, 
with V,K = Gal{D^^/K) the corresponding Galois group. Note that V,k is topo- 
logically isomorphic to Zp. Let ^'/^ denote the set of (primitive) characters of 
order [K : k] of the Galois group Gal{K/k). Hence, we have the decomposition 

Recall that given a character ?/' G ^, we write to denote the ring of integers 
obtained from Zp by adding the values of i/'- Let us also write 0*^^ to denote 
the ring of integers obtained by adding to Zp the values of each of the characters 
in the set '^'k- Given a polynomial f{Ti,T2) G Zp[[Ti,T2]], let us write 

/(ri,Tf)= n fiTiMT2)) (16) 

to denote the product of specializations of /(Ti, T2) to the characters of the set 
^ K- Note that this specialization product f{Ti,T^) lies in the polynomial ring 
Zp[[Ti,T^]] ^ 0^^[[Ti]]. Note as weh that we have the identifications 

f{Ti,T^) - /(Ti,l(r2)) = /(Ti,0) e Zp[[Ti]]. 

Proposition 4.3 Assume that for any finite extension K of k contained in 
k'^^'^ , we have the inclusion of ideals 

im,T,^)) C {g{n,T,^)) ^n 0*J[Ti]]. (17) 

Assume additionally that the root number of the central value L{f /k, 1) is +1, 
and moreover that we have a nontrivial equality of ideals for K — k, 

(L(ri,0))-(5(Ti,0)) mZp[[Ti]]. (18) 

Then, for each character G 5*, we have the inclusion of ideals 

(L(Ti, V(T2))) C (5(TiXT2))) m 0^[[Ti]]. 

Proof Since we assume that the root number e{f /k, 1) is equal to +1, we know 
for instance by the nonvanishing theorems of Vatsal |44) and more generally 
Cornut-Vatsal [9j that the p-adic i-function L{Ti, 0) does not vanish identically. 
Let K be any finite extension of k contained in k'^'^^. Using the equality (fTSl) . we 
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may then divide each side of ([TT]) by the corresponding ideals in (IT51) to obtain 
for each extension K the inclusion of ideals 

Now, the divisibility ([T7| implies that we have for each extension K the relation 

5(Ti, ) - /(Ti, ) • i(Ti, ) + r(Ti, ). 

Here, f{Ti,T^) denotes some polynomial in Zp[[ri,r2^]] = 0^,^[[Ti]], and 
r{Ti,T^) the corresponding remainder term. It then follows from (|19p that 

n r(Ti,x(r2)) = 0. 

Hence, we deduce that for each finite extension K oi k contained in k'^^'^, there 
exists a nontrivial character -0 e ^P^f such that 

(L(Ti,V'(T2))) C (g(ri,V'(T2))) in 0^[[Ti]]. (20) 

We now argue that if the divisibility (|20l) holds for one (nontrivial) character in 
V&A', then it holds for all (nontrivial) characters in '^'k- To see why this is, let 
CiE/k, W, 1) = £(/ X e(W), 1) denote the value 

L(/x9(W),l) 

87r(/,/) ' ^''^ 

where W is any finite order character of the Galois group G. Recall that the value 
((2T|) is algebraic by Shimura's theorem [39]. In particular, for any finite order 
character p of the values £(/ x Q{p^), 1) with ^ G V^if are Galois conjugate 
by Shimura's theorem. Hence, by uniqueness of interpolation series, we deduce 
that the specializations L(Ti, ■0(T2)) with tp e ^'/^ are Galois conjugate. We can 
then deduce that if the divisibility (PH)) holds for one character ip € '^k, then it 
holds for all characters G '^k- Taking the union of all finite extensions K of 
k contained in k'^^'^, the result follows. □ 

Corollary 4.4 Keep the hypotheses of Proposition \J73\ above. If p does not di- 
vide the specialization g{Ti,0), then there is an inclusion of ideals 

(L(Ti,V'(T2))) C (g(ri,V'(T2))) tn 0^[[Ti,T2]]. (22) 

Proof Apply Theorem 14. II to Proposition 14.31 above. □ 

Some remarks on further reductions. A simple argument shows that each 
finite extension K of k contained in k'^^'^ is a totally imaginary quadratic ex- 
tension of its maximal totally real subfield F. Each such totally real field F 
is abelian. Hence, we can associate to / a Hilbert modular eigenform f over 
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F via the theory of cychc basechange. It is then simple to see (via Artin for- 
mahsm for instance) that the root number of the complex Rankin-Selberg L- 
function L{f x Qk,s) is equal to that of L{E/k,s) = L{f x 8fc,s). In par- 
ticular, the divisibilities (|17l) of Proposition 14.31 would follow from the dihe- 
dral/anticyclotomic main conjectures for f in the dihedral/ anticyclotomic Z^- 
extension of K, where d = [F : Q]. For results in this direction, see for instance 
the generalizations to totally real fields of work of Bertolini-Darmon [T (as 
well as Pollack- Weston [3T]) by Longo [17] and the author [32j. For the equal- 
ity condition ([T^ of Proposition 14.31 see the result of Howard [T71 Theorem 
3.2.3] with the main result of Pollack- Weston [31]. These works combined show 
that the inclusion (L(Ti,0)) C {g(Ti,0)) often holds, in which case the re- 
verse inclusion {g{Ti,0)) C (L(Ti,0)) can be reduced by Howard [171 Theorem 
3.2.3(c)] to a certain nonvanishing criterion for the associated p-adic L- functions 
L(ri,0) G A(f]). 

Some remarks on the setting of root number minus one. In the setting 
where the root number e(//fc, 1) of L{f /k, 1) is equal to —1, then we know that 
L{Ti,T2) = by the functional equation for L{Ti,T2) given in CoroUarv [2l0l 
(derived from the fact that the complex central value L{f /k, 1) vanishes). It fol- 
lows that L{Ti,T^) = for all finite extensions K oik contained in k'^'^^. Hence 
in this setting, the hypotheses of Proposition 14.31 do not hold. Indeed, consider 
the basechange setup described in the remark above, where f is the basechange 
Hilbert modular eigenform defined over the maximal totally real subfleld F of 
K. The formulation of the analogous dihedral/anticyclotomic main conjecture 
in this setting asserts that each dual Selmer group X{i/D^) has A(f2x)-rank 
one, and moreover that there is an equality of ideals 

(charA(a,-)(^(f/^^)tors)) = (charA(o,)(X(f/i?^))) in A{nK) 

Here, X{{/D^)toTs denotes the A(r2x)-torsion submodule of X{i/D^), and 
X(f/D^) is the A(nif )-torsion submodule defined by &{{/D^)/H{i/D^), 
where 6(f/D^) is the compactified Selmer group of f over D^, and H{{/D^) 
is the so-called Heegner submodule generated by CM points (defined on an 
associated quaternionic Shimura curve). We refer the reader to Howard [TOl 
Theorem B] or Perrin-Riou |33) for more details on this formulation. Anyhow, 
the dual Selmer group X{i/D^) does not have a A{Qk) characteristic power 
series in this setting. If we adopt the standard convention of taking the charac- 
teristic power series to be in this case, then we obtain for each extension K the 
trivial equality of ideals {L{Ti,Ti^)) = [g{Ti,T^)) in 0^,^[[T{\]. It therefore 
seems unlikely that we can do any better than Theorem 14.21 for determining 
a two- variable divisibility criterion by considering main conjecture divisibilities 
via basechange. This is especially apparent after noting of the shape of the two- 
variable main conjecture in this described for instance in Howard [T8] . 
To be somewhat more precise, recall that we fixed a topological generator 72 of 
r for our fixed isomorphism (|13p . The two- variable p-adic L- function Lp{f, k^o) 
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can then be written as a power series 



- £/,o + £/4 • (72 - 1) + . . . e A(G), 



with coefficients £/.„ € Zp[[f2]]. In the case where the root number e(//fc, 1) is 
— 1, we know by the associated functional equation(s) that Cf^ = 0. Another 
result of Howard (proving one divisibility of a conjecture made by Perrin-Riou in 
|33j ) shows that the second term Cf^i can be expressed as a certain twisted sum 
of images under any appropriate p-adic height pairing of some associated regular- 
ized Heegner points (see jl8j Theorem A]), li p does not divide the level N of f, 
then we know by Theorem 13.81 that charA(G) X{f /koo) exists, equivalently that 
g{Ti,T2) 7^ 0. Now, two-variable characteristic power series charA(G) X{f /koo) 
can be written as a power series 



with coefficients G Zp[[r2]]. Hence, if we know that g{Ti,0) — 0, then we 
find that Qf^ — 0. This would reduce our task to showing Qf \ Cf in A(G), 
where both Qf and Cf correspond under the fixed isomorphism (jl3p to power 
series that vanish at T2 =0. It is then apparent from this fact that comparing 
the products of specializations to characters ip e '^'k of these power series alone 
will not give much more information, as contains the trivial character. 
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